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ABSTRACT 
It is shown that for any given finite permutation group P there exist (infinitely many 
non-isomorphic) directed and undirected graphs whose automorphism groups contain 
P as a subdirect constituent. 
1. INTRODUCTION 
In the study of the automorphism groups A(X) of graphs X the following 
two questions arise: 
(i) Given any finite group G: does there exist a graph X such that A(X) 
is (abstractly) isomorphic to G ? 
(ii) Given any finite permutation group P: does there exist a graph X 
such that A(X) is isomorphic, as permutation group, to P ? 
Question (i) was put in 1936 by KSnig [5, p. 5]. By suitably modifying 
the Cayley color graph of G, Frucht [1] found (undirected) graph con- 
structions howing that the answer is yes. Restricting himself to undirected 
graphs, Frucht also points out [1, p. 247] that the answer to (ii) is negative, 
in general. The same holds for directed graphs. A set of counterexamples 
to (ii) is provided by the doubly transitive groups P that are not full 
symmetric [3, Theorem 2.1]. 
In this paper we consider the following weaker form of (ii): 
(iii) Given any finite permutation group P: does there exist a graph X 
such that ,4(X) contains P as a subdirect constituent ? 
(iii) may be restated as follows: Can a graph X and a section graph Y 
of X be found such that the restriction A(X) I V(Y) of A(X) to the vertex 
set V(Y) of Y is defined and isomorphic, as permutation group, to P? 
Since 
A( / ) I  V(Y) C_ A(Y), 
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Y should satisfy: 
p _c A(Y). (1) 
Let the degree of P be n. Since the group of automorphisms of the null 
graph on n vertices is the symmetric group of degree n, one can always 
find a graph Y (necessarily having n vertices) which satisfies (1). 
An affirmative answer to (iii) is thus provided by the following: 
(l.1) THEOREM. Given any finite permutation group P. Let Y be any 
(directed or undirected) graph satisfying (1). Then there exist (infinitely many 
non-isomorphic) connected graphs X (directed or undirected according as 
to whether Y is directed or undirected), which contain Y as a section graph 
and which are such that the restriction A(X) I V( Y) is defined and isomorphic, 
as permutation group, to P. I f  Y is simple (see Section 2, Graphs), then the 
graphs X may be assumed to be simple. 
The principal part of the proof (contained in Section 3) confirms the 
existence of an undirected graph U such that P occurs as a subdirect 
constituent of A(U) (Proposition (3.3)). We give an outline of the main 
idea: It is always possible to find an undirected graph F such that the 
right regular representation P* of P occurs as a subdirect constituent of 
A(F). Indeed, examples are provided (see proof of (2.1)) by any of the 
graphs constructed by Frucht in [1] having the property that their auto- 
morphism groups are (abstractly) isomorphic to P. Thus if P is iso- 
morphic, as permutation group, to P* (which is the case if and only if P 
is regular), then Fis a graph U as required. For general P, we first construct 
a "nozzle graph" Z whose vertex set can be partitioned into two sets, 
denoted by W and R, such that A(Z) contains the subdirect product: 
{(p,p*) :p ~ P) 
of a copy of P acting on W and a copy of P* acting on R. The graph Z 
is then attached to F by identifying R with any one of the orbits D of A(F) 
on which a copy of P* acts (the identification being such that the copies 
of P* on R and on D coincide). It is then easy to show that there exists a 
supergraph U of the combined graph such that the restriction A(U) [ W 
is defined and isomorphic, as permutation group, to P. 
In closing we observe ((4.1)) that the graphs X of the theorem may be 
chosen to satisfy the condition that A(X) is (abstractly) isomorphic to P. 
2. PRELIMINARIES 
For the definitions of undefined terms we may refer the reader to [8] 
(for groups and permutation groups) and to [6] (for graphs). 
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Groups. We define what is clearly a "weakest possible" type of 
subdirect product for groups: Let G1 ,..., Gt be any (finite number t of) 
given groups. Then a subdirect product: 
{(gl ..... gt) : gl E G~, i = 1 ..... t} 
of Gx ,..., Gt is called an inner subdirect product of Gx . . . . .  G t , denoted by 
Gx O "'" O Gt, if for any element z of any Gi (i = 1 ..... t) there exists a 
unique element (gx ..... gt) of G such that g~ = z. We note that for each 
i , j  = 1,..., t, the mapping from Gi to G~ that assigns to each z ~ G~ thej'th 
entry gj of the (uniquely determined) element: 
(gl ..... g~ = z,..., gt) 
of Gx 9 .'. (3 Gt, is a group isomorphism. Thus, an inner subdirect 
product G 10  "'" O Gt exists (if and) only if the groups G1 ..... Gt are 
mutually isomorphic. Since G 1 (3 "'" 9 Gt is clearly isomorphic to any 
one of the groups G~ ..... Gt, it is uniquely determined (up to isomorphism). 
Permutation groups. We use the convention that ab, the product of 
two elements a, b of a permutation group, is defined as the permutation 
formed by first performing a and then b. In the right regular representation: 
G --+ G* of any given finite group G, each g e G is represented by the 
permutation g* on G defined by: g*(h) = hg, h ~ G. 
Let P be any finite permutation group. Let C be any orbit of P and let 
x, y be any two (not necessarily distinct) elements of C. If there exist 
exactly k (>~1) elements of P transforming x to y, then for any pair of 
elements of C there exist exactly k elements of P transforming any one 
into the other. An orbit of P will be called regular if k = 1. 
Let P and Q be two permutation groups with respective object sets V 
and I4I. Then P and Q are isomorphic, as permutation groups, if there exist 
a bijective mapping f :  V--~ W and a group isomorphism a : P -+ Q 
such that 
f(p(v)) = (a(p))(f(v)) 
for all p E P and v ~/I. In particular this condition implies that, if f is 
postulated as the identity (that is, if the elements of W are allowed to 
assume the labels of their preimages under f ) ,  then c~ can only be the 
identity, so that the permutation groups P and Q become identified. 
In most such identifications the specific form o f f  is not of interest, and 
we then write: P =- Q, without any reference to f (or a). 
Given any permutation groups P and Q, then P occurs as a subdirect 
constituent of Q if Q is a subdirect product of permutation groups that 
include a copy of P. 
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Graphs. All graphs to be considered will be finite, that is, both their 
number of edges and their number of vertices will be finite. In general, 
loops and multiple edges are admitted. A section graph Y of a graph X 
is a subgraph of X such that each edge of X joining two vertices of Y, is an 
edge of Y. A supergraph of a graph Xis a graph containing Xas a subgraph. 
A supergraph of a graph X will be assumed to be directed or undirected 
according as to whether X is directed or undirected. A directed graph is 
connected if its underlying undirected graph (formed by disregarding the 
directions on its edges) is connected. A graph will be called simple if it 
has no loops, and if for any (unordered) pair of its vertices there exists at 
most one (directed or undirected) edge joining them. The vertex set, edge 
set and automorphism group of a graph X will be denoted by V(X), E(X) 
and A(X), respectively. 
(2.1) For any given finite group G there exists a simple connected 
undirected graph F such that A(F) is an inner subdirect product of copies 
of the right regular epresentation G* of G. 
PROOF: If G consists of only the identity element, hen F may be chosen 
to be any simple connected graph whose automorphism group consists 
of only the identity (for instance, the graph consisting of a single vertex). 
If the order of G is greater than one, we choose F to be any one of the 
graphs as constructed by Frucht in [1], having the property that A(F) 
is isomorphic to G. These graphs are certain (undirected) modifications 
of the Cayley color graph of G (see [1, pp. 242-3, 246] and also [6, p. 244]) 
and from their construction it follows at once that they are connected 
and simple. Their automorphisms, as described in [1, p. 245, point 3], 
are easily seen to be the elements of an inner subdirect product of copies 
of G*. For the sake of completeness we mention that further examples 
of graphs Ffor which (2.1) holds, may be found in [2], [4], and [7]. 
3. THE BASIC CONSTRUCTION 
Let P be any given finite permutation group. Let W, of order n, be the 
object set of P. Let W tn~ denote the set of all (ordered) sequences (xl ..... x,) 
of the n elements of W. Each p c P induces a unique permutation 
p<"~ : (x l  . . . . .  x.) ~ (p(xO . . . . .  p(x.)) 
on W~% and the mapping: p-+p<~ defines an (abstract) isomorphism 
between P and the permutation group 
P<~ : {p~") : p c P}. 
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The "nozzle graph" Z. Let R be any fixed orbit of Pt~), and let 
W1 ..... W8 be the orbits of P. Form a simple undirected graph Z as 
follows: 
V(Z) = W w R (disjoint union), 
while E(Z) consists of the edges that are formed by joining x ~ Wi 
(i = 1,..., s) and a e R if and only if x occurs as the first of those entries 
of a that belong to W~. In particular, the section graphs of Z having W 
and R as their vertex sets, occur as null graphs. 
Properties of A(Z) are stated in: 
(3.1) (i) The permutation group 
P 9 (PC") [ R) = {(p, p~"~ I R) : p s P} 
on W u R is a subgroup of A(Z). 
(ii) Let ~ ~ A(Z). I f  ~ I Wi is defined for each 
i = 1,..., s, and if cr I R = pC") I R for some p ~ P, then cr l W -=- p. 
PgOOF: (i) is seen to follow immediately from the construction of Z. 
Let cr be any automorphism of Z such that crl W~ is defined for each 
i = 1,..., s. Then cr I R is defined, and from the fact that in Z each vertex 
in R is joined to exactly one vertex in each W, (i = 1 ..... s), while each 
vertex in W is joined to at least one vertex in R, it follows that each g I W~ 
is uniquely determined by cr ] R. Thus (ii) becomes a consequence of (i). 
This proves (3.1). 
The combined graph L. Let F be any given simple connected undirected 
graph with the property that the right regular representation P* of P 
occurs as a subdirect constituent of A(F). By (2.1) such a graph F exists. 
Let D be any orbit of A(F) such that A(F) I D is a copy of P*. We shall 
denote the elements of A(F) l D accordingly by p*, p ~ P. Since the orbits 
D and R are clearly regular, the correspondence from D to R given by: 
p*(d) -+ pC~)(r), p E P, (2) 
where d and r are any fixed elements of D and R, respectively, is well- 
defined and bijective. Thus we may, and do now, identify D and R under 
(2). The two graphs F and Z thus combine to form a simple undirected 
graph L with 
v(L)  = w w v ( r )  
and 
E(L) -= E(Z) u E(F). 
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Since F is connected, and since in Z each vertex in W is joined to at 
least one vertex in R, the graph L is connected. Since the section graph 
of Z having R as its vertex set, is a null graph, it follows that the section 
graph of L having D = R as its vertex set, contains as edges only edges 
of F. We note that the section graph of L having IV as its vertex set, is a 
null graph. 
(3.2) Let 
B(L) = (tre A(L): tr ] IVi is defined, i = 1,..., s}. 
Then B(L) I W = P. 
PROOF: Let a be any element of B(L). Then a[ V(F) is defined and 
belongs to A(F). Thus a [ D =- p* for somep e P. Under the identification 
of D and R effected by (2), the permutation ~] D = p* identifies with 
the permutation ptn~ [R. It therefore follows from (3.1) (ii) that o [ W = 
p E P. Conversely, we show that each p ~ P occurs as an element of the 
form cr ] IV, o ~ B(L). By (3.1) (i) and the definition of L it is suflficient o 
show that for each p e P the permutation ptn~ [R (or, equivalently: p* on 
D) occurs as an automorphism of the section graph S of L having R = D 
as its vertex set. Since E(S) contains only edges of F, this is immediate. 
Finally, let us note here that, i fF is  a graph as given by (2.1) (with G = P), 
then the elements of B(L) IV(F) are uniquely determined by their 
restrictions p* on D, so that B(L) is (abstractly) isomorphic to P. 
(3.3) PROPOSITION. Given any finite permutation group P. Then there 
exist a simple connected undirected graph U and a subset W of V(U) such 
that 
(i) the section graph of U having W as its vertex set, is the null graph 
on the vertices in IV, and 
(ii) A(U) I IV is defined and isomorphic, as a permutation group, to P. 
PROOF: For the given P let the graph L be as constructed above. 
From (3.2) and the properties of L it follows that, if A(L) = B(L) (see 
(3.2)), then L itself serves as a graph U, while in the general case it is 
sufficient o construct a (simple and connected) supergraph U of L such 
that L is a section graph of U, and A(U) [ V(L) is defined and equal to B(L). 
Now there are many ways in which a latter graph U may be constructed. 
One such is given in [3], proof of Lemma 1.1.2 (where U has the additional 
property that each orbit of A(U) that occurs as a subset of V(U) -- V(L), 
consists of a single vertex). We here describe a simpler construction (which 
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modifies a construction given in [1, p. 242]): Form a supergraph U of L 
by adjoining to each vertex of Wi (i ---- 1 ..... s) a number mi of "tails of 
length 1" (see [1, p. 242]), where the numbers rn~ satisfy the condition 
that for eachj  = 1 ..... s the degree in U of any vertex in Wj is different 
from the degree in U of each vertex in V(U) -- W~. It is clear that this 
condition can be met, and that U has the required properties. We may 
remark that, by letting the tails adjoined to a vertex of L be of different 
lengths, it can be arranged that to each ~eB(L)  there corresponds 
exactly one p ~ A(U) such that p I B(L) = e, so that A(U) is (abstractly) 
isomorphic to B(L). From the remark at the end of the proof of (3.2) 
it thus follows that U may be constructed to satisfy the further condition 
that A(U) is (abstractly) isomorphic to P. 
(3.3) (ii) gives an affirmative answer to question(iii)of the Introduction. 
4: PROOF OF THEOREM (1.1) 
We conclude by showing that the existence of one (undirected) graph U, 
having the properties as stated in Proposition (3.3), implies the existence 
of infinitely many (directed and undirected) graphs X, having the 
properties as stated in Theorem (1.1). 
Let P be any finite permutation group, and let U be any (undirected) 
graph given as in Proposition (3.3). We describe one possible way of 
associating with U a simple connected irected graph U-  which satisfies 
(i) and (ii) of (3.3): We construct U -  from U by postulating a vertex in the 
interior of each edge of U, and by directing each of the edges thus formed 
from its end-point in U to its end-point not in U. In particular, 
V(U) C V(U~). Since the newly inserted vertices are the only vertices of 
U-  having outgoing degree equal to zero, the set V(U~) -- V(U) (and 
thus V(U)) occurs as a union of orbits of A(U~). Since two vertices in U 
are joined by an edge in Uif and only if in U ~ they are joined to a common 
vertex of incoming degree qual to two, it is easily seen that 
A(u~) I v(u)  = a(u) ,  
so that, in particular: 
A(U~) I W = A(U)[ W ---- P (by (3.3)(ii)). 
We may note that to each a ~ A(U) there corresponds a unique p e A(U ~) 
such that 0 [ A(U) ~ or, that is, A(U~) is (abstractly) isomorphic to A(U). 
Finally, the section graph of U~ having W as its vertex set, is a null graph. 
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Now let Y be any given (directed or undirected) graph such that 
l/(y) __- W and P C_ A(Y). If Y is given as directed (undirected), we select 
a simple connected irected (undirected) graph U for which (i) and (ii) of 
Proposition (3.3) hold, and form a supergraph J of U by setting 
V(J) = V(U) 
and 
E(J) = E(U) u E(Y), 
that is, the (null) section graph of U having W as its vertex set, is replaced 
by the graph Y. Thus Y occurs as a section graph of J (thus of any graph 
of which J is a section graph), and if Y is simple, then J is simple. Since 
p C_ A(Y)  and A(U) [ W = P, it is immediate that, if B(J) is defined by 
B(J) = {cr ~ A(J) : ~r I W~ is defined for each i = 1 ..... s}, 
then B(J) = A(U). In particular, B(J) I W = P. 
In the case that J is undirected, we may now use the method of adjoining 
"tails," as described in the proof of (3.3), to form a supergraph X of J 
such that X contains J as a section graph, and such that A(X) 1 V(J) is 
defined and equal to B(J). It is easily seen that infinitely many non- 
isomorphic such graphs X may be constructed, and that they satisfy the 
requirements of (1.1). 
For directed J the same procedure may evidently be used, provided 
that the edges of adjoined "tails" be suitably directed (which may for 
instance be done by letting each be directed away from the original graph). 
In conclusion we note that the (undirected, and via U~, the directed) 
graph U may be chosen to satisfy the condition that A(U) is abstractly 
isomorphic to P (see end of proof of (3.3)). Similarly, by restricting 
ourselves to the procedure described at the end of the proof of (3.3) (in 
its undirected or directed version), each graph X may be constructed to 
satisfy the condition that A(X) is abstractly isomorphic to B(J) = A(U). 
We thus have: 
(4.1) REMARK. In the statement of (1.1) it may be assumed for each 
graph X that A(X) is (abstractly) isomorphic to P. 
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